Energy eigenvalues of quartic and sextic type anharmonic potentials are obtained by using an alternative method called asymptotic Taylor expansion method (ATEM) which is an approximate approach based on the asymptotic Taylor series expansion of a function. It is shown that the energy eigenvalues found by ATEM are in excellent agreement with the existing results.
Introduction
It is well known that the exact solution of Schrödinger equation is only possible for very few numbers of potentials and it is required to apply the numerical methods or some approximate schemes in most quantum mechanical systems. In the literature, there are many studies for this purpose such as numerical calculation [1, 2] , the perturbation [3] , the variational [4] , the WKB [5, 6] , the shifted 1/ expansion [7, 8] , the Nikiforov-Uvarov (NU) [9] , and the supersymmetry (SUSY) [10] to find the approximate solutions of the potentials that are not exactly solvable. In the last decades, the study of anharmonic oscillator potentials (such as quartic and sextic anharmonic oscillators) has been taking attention because they are open for the theoretical perception of some recently discovered phenomena in different branches of physics [11] [12] [13] . On the other hand, these potentials are not exactly solvable which make them very popular for examining the validity of any approach [14] [15] [16] [17] . In all these attempts, it is merely required to get a relatively effective and simple approach that gives the energy eigenvalues-and eigenfunctions-to a high degree of accuracy. In this study, an efficient method called asymptotic Taylor expansion method (ATEM) is applied to compute the energy eigenvalues of both the quartic and the sextic anharmonic oscillator potentials in one dimension.
The ATEM based on the Taylor series expansion is proposed by Koç and Sayın [18] . It is claimed that one can easily apply ATEM to solve second-order differential equations by introducing a simple code in Mathematica [19] computer program. Therefore, it is focused on the solution of the eigenvalue problems of anharmonic oscillator potentials by using ATEM in this paper.
The organization of the paper is as follows. In Section 2, a brief outline of the method ATEM is presented. In Section 3, we obtain numerically the eigenenergies and make comparison with other existing results. Finally, Section 4 is devoted to a conclusion.
Asymptotic Taylor Expansion Method
Following the notation in [18] , one can consider the Taylor series expansion of a function ( ) about the point : 
It is claimed in [18] that one can construct a method to solve the second-order linear differential equations in the form of
By differentiating (3) with respect to , one can get the higher order derivatives of ( ) in terms of ( ) and ( ). Thus, one obtains
where
At this point, it is seen that the eigenvalues and eigenfunctions of the Schrödinger-type equations can efficiently be obtained by using ATEM. To this end, the recurrence relations (5) allow one to get analytical or numerical solution of (3) under some certain conditions. After substituting (5) into (1) and obeying the termination condition = of the eigenfunction ( ) in the bound-state quantum mechanical systems (the reader is addressed to [18] ), one can finally write
and then eliminating (0) and (0) one gets
which will involve a parameter related to eigenvalues of the potential in the study. It is seen that the method ATEM is iterative and iteration number is given by . It is proposed that the method can be applied to the Schrödinger equation, with any type of potentials, as follows. Using a Mathematica computer program, one can repeat the calculation of the eigenvalues for different values of iteration number such as = 10, 20, 30, . . ., till desired digits. When the eigenvalues reach their asymptotic value, then one can choose the corresponding and truncate the iteration for next calculations. For instance, if one obtains the eigenvalues for desired digits when = 80, then the first few eigenvalues-first eight-energy state, for example-will automatically reach their asymptotic values [20] .
Applications
We consider the one-dimensional quartic double well potential as a first application:
This potential has great importance in many branches of physics such as molecular vibrations [21] , solid state physics [22, 23] , quantum field theories [24] , and quantum chromodynamics [25] . The Schrödinger equation is written as
where ℎ 2 = 2 = 1. To apply ATEM, now we introduce an ansatz wavefunction as the asymptotic solutions of (9):
and (9) can now be written as
Comparing (3) and (11) one can deduce that
Before proceeding ATEM, we note here some points about the ansatz wave function and the selection of numerical values of adjustable parameters and ; to satisfy the quantum mechanical postulates in the limit of large for the bound systems, the asymptotic solutions of (9) can be taken as the multiplication of any power of with a decreasing Gaussian-type function. Therefore, we suggest the ansatz wave function in the form of (10) . Additionally, there is strong relation among the wave function and the potential parameters of , , and , respectively, in the solution of (9) . Since the exact analytical solution of the potential in (9) cannot be obtained, then one can look for the effective partner potential solutions; since we introduce (10) , then the superpotential function for the partner potentials by supersymmetric quantum mechanics (SUSYQM) [26] is given by
and the partner potentials ± ( ) are defined as
Since the superpotential ( ) obtained from (10) is
then the partner potential − ( ) is obtained as
It is observed that the potential (16) has one minimum if 2 > 3 . Searching for this one-minimum case, we select the adjustable parameters as = 2 and = 1 in this study. Since the iteration number is desired to be as much low as possible, then one has to search for the optimum iteration number in the calculation of eigenvalues of potential in (9) . By setting = 2, = 2, and = 1, we search for the optimum iteration number by comparing the results of ATEM with the known exact value of third excited state, exact =3 = 8.33293, in Table 1 . We also obtain the percent errors and then set = 80 to truncate the iteration in the following calculations. It is seen that the term asymptotic means the ATEM value approaching to a given value as the iteration number tends to infinity.
We present our results carried out for a range of values in Table 2 and Table 3 with 7 significant digits and they are compared with those of variational supersymmetric approach by [27] and the ones computed numerically by [28] . In our calculations, we set = 80, = 2, and = 1. We observe that the results by ATEM are in very good agreement with numerical ones of [28] . In particular, for < 1, the errors are less than 1% in all cases.
As a second application, we consider the energy eigenvalues of the quasi-exactly solvable sextic anharmonic oscillator potentials:
Since only (2 + 1) energy eigenvalues can be obtained analytically while the other levels remain unknown, these potentials are classified as quasi-exactly solvable potentials [29, 30] . Following the same procedure given above and the ansatz wave function in (10) by the same numerical values of = 80, = 2, and = 1, one obtains
We present and compare our results in Table 4 for = 0, 1/2, 1, 3/2. It is seen from Table 4 that the eigenvalues obtained by the ATEM are acceptably in good agreement with the exact numerical results [31] . We also present the percent errors. It is observed that the errors are less than 1% except the highest energy state-in this study-for = 0, 1/2, 1 values.
As a last example, we consider the quasi-exactly solvable potential [6] given as
Using the ansatz wave function of the form defined in (10) and following the same procedure given above for the same numerical values of = 80, = 2, and = 1, one obtains
We present and compare our results for = 0, 2, 4 energy states in Table 5 . It is seen that ATEM reproduces excellent results consistent with the existing literature. 
Conclusion
We have applied relatively simple and efficient method for calculating the energy eigenvalues of some type of onedimensional anharmonic oscillator potentials. The method is based upon the asymptotic Taylor series expansion of a function. It is shown that the optimal truncation of the Taylor series reproduces the numerical results for eigenvalues with higher accuracy. The algorithm constructed for a computer system using symbolic or numerical calculation is relatively simple in ATEM. It is clear that the determination of the adjustable parameters and directly affects the iteration number . Therefore, the efficiency of the method is then dependent on these parameters. Since we set = 80 by choosing = 2 and = 1, then the iteration number may seem to be not low enough. One can choose different and values obeying the constraint given in text; then the iteration number is expected to get lower values. On the other hand, one can also investigate the best approximate values of the parameters and by searching the minimum expectation value of energy that satisfies (9), for example, for the ground state. Since we focus on the application of ATEM for the determination of the energy eigenvalues by choosing and values given above, it is thought in our calculations that the percent error ranges for the potentials in this study are acceptable for the selected values of and parameters, by satisfying the minimum-case condition of supersymmetric partner-like potentials.
It is believed that the simplicity and mathematical facility of the method suggested here can be useful to the treatment of the Schrödinger equation including large class of potentials. For example, the method can be used for other unidimensional potentials and for isotropic potentials in three dimensions. Additionally, one can focus on the potential function given in (8) to search for energy splitting in the wells for value being large enough [33] . Studies along this line are in progress. (9) with different values of . 0,1 ( ) and 0,1 ( ) show the values obtained by variational supersymmetric method and numerical integration, respectively. The percent errors for ATEM are also shown in the fifth and ninth columns. 
